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What is Dirac Delta Function ? 
Let’s assume a rectangular (or box) function
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0, 𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

The plot of the function is shown below

The area under the curve is equal to 1 (Area= width x height =  𝜎 ×
1

𝜎
= 1)
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What is Dirac Delta Function ? 
If  the width is decreased to 

𝜎

2

𝑓𝜎(𝑥) = ൝

2

𝜎
, −
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4
≤ 𝑥 ≤

𝜎

4
0, 𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

The plot of the function is shown below

The area under the curve is still equal to 1 

(Area= width x height =  
𝜎

2
×

2

𝜎
= 1)

If 𝜎 decreases, the function becomes narrower and taller. At the limit 𝜎 → 0 the function becomes a 
Dirac delta function. 
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The plot of the rectangular function for different values of 𝜎

𝜎3 < 𝜎2 < 𝜎1

What is Dirac Delta Function ? 
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The value of the integration of the function in the region −
𝜎

2
≤ 𝑥 ≤

𝜎

2
is 1. Since the product of 

width and height of the rectangular function is one. We can write

න

−
𝜎
2

𝜎
2

𝑓𝜎 𝑥 𝑑𝑥 = 1 ⇒ න

−∞

∞

𝑓𝜎 𝑥 𝑑𝑥 = 1

Since the function is zero outside the region −
𝜎

2
≤ 𝑥 ≤

𝜎

2
.

As 𝜎 → 0, 𝑓𝜎 𝑥 → ∞, that is if the width of the rectangular function goes to zero, its height goes to 
infinity. The function becomes a tall narrow spike (impulse) which is called the Dirac delta function.

We can write 
𝛿 𝑥 = lim

𝜎→0
𝑓𝜎 𝑥

What is Dirac Delta Function ? 



So the Dirac delta function can be defined as

𝛿(𝑥) = ൜
∞, 𝑥 = 0
0, 𝑥 ≠ 0

And 

න

−∞

∞

𝛿 𝑥 𝑑𝑥 = 1

The Dirac delta function is defined at x = 0. For any other point 𝑥0 Dirac delta function can be 
defined as

𝛿(𝑥 − 𝑥0) = ቄ
∞, 𝑥 = 𝑥0
0, 𝑥 ≠ 𝑥0

And 

න

−∞

∞

𝛿 𝑥 − 𝑥0 𝑑𝑥 = 1

Definition of Dirac Delta Function



1. 

න

−∞

∞

𝒇 𝒙 𝜹 𝒙 − 𝒙𝟎 𝒅𝒙 = 𝒇( 𝐱𝟎)

where f(x) is any arbitrary function.

Proof: Let’s assume any function f(x) and the rectangular function 𝑓𝜎(𝑥). 

Now 

න

−∞

∞

𝑓 𝑥 𝑓𝜎 𝑥 𝑑𝑥 = න

𝑥0−
𝜎
2

𝑥0+
𝜎
2

𝑓 𝑥 .
1

𝜎
. 𝑑𝑥 =

1

𝜎
න

𝑥0−
𝜎
2

𝑥0+
𝜎
2

𝑓 𝑥 . 𝑑𝑥

At 𝜎 → 0, the integral 

1

𝜎
න

𝑥0−
𝜎
2

𝑥0+
𝜎
2

𝑓 𝑥 . 𝑑𝑥 ≈
1

𝜎
. 𝜎𝑓 𝑥0 = 𝑓(𝑥0)

This is called shifting property of Dirac delta function which tells that the product of the Dirac delta function 
with any function is to pick the value of the function at the point where the Dirac delta function is defined.

Properties of Dirac Delta Function



2.

𝜹 𝒂𝒙 =
𝟏

𝒂
𝜹 𝒙 , 𝒂 ≠ 𝟎

Proof: 

Let’s assume the integral ׬−∞
∞

𝑓 𝑥 𝛿 𝑎𝑥 𝑑𝑥. Let 𝑦 = 𝑎𝑥, then 𝑑𝑦 = 𝑎𝑑𝑥 ⇒ 𝑑𝑥 = 𝑑𝑦/𝑎

න

−∞

∞

𝑓
𝑦

𝑎
𝛿 𝑦 .

𝑑𝑦

𝑎
=
1

𝑎
× න

−∞

∞

𝑓
𝑦

𝑎
𝛿 𝑦 𝑑𝑦 =

1

𝑎
𝑓 0 =

1

𝑎
න

−∞

∞

𝑓 𝑥 𝛿 𝑥 𝑑𝑥

3. 
𝜹 −𝒙 = 𝜹 𝒙

Proof: 

Let’s assume the integral ׬−∞
∞

𝑓 𝑥 𝛿 −𝑥 𝑑𝑥. Let 𝑦 = −𝑥, then 𝑑𝑦 = −𝑑𝑥 ⇒ 𝑑𝑥 = −𝑑𝑦

න

∞

−∞

𝑓 −𝑦 . 𝛿 𝑦 .−𝑑𝑦 = න

−∞

∞

𝑓(−𝑦)𝛿 𝑦 𝑑𝑦 = 𝑓 0 = න

−∞

∞

𝑓(𝑥)𝛿 𝑥 𝑑𝑥
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4.
𝜹 𝒂 − 𝒙 = 𝜹 𝒙 − 𝒂

Proof: 

Let’s assume the integral ׬−∞
∞

𝑓 𝑥 𝛿 𝑎 − 𝑥 𝑑𝑥. Let 𝑦 = 𝑎 − 𝑥, then 𝑑𝑦 = −𝑑𝑥 ⇒ 𝑑𝑥 = −𝑑𝑦

න

−∞

∞

𝑓 𝑥 𝛿 𝑎 − 𝑥 . 𝑑𝑥 = 𝑓 𝑎 = න

∞

−∞

𝑓 𝑎 − 𝑦 . 𝛿 𝑦 .−𝑑𝑦 = න

−∞

∞

𝑓(𝑎 − 𝑦)𝛿 𝑦 𝑑𝑦 = 𝑓 𝑎 = න

−∞

∞

𝑓(𝑥)𝛿 𝑥 − 𝑎 𝑑𝑥

5. 

න

−∞

∞

𝜹(𝒙 − 𝒂)𝜹 𝒙 − 𝒃 𝒅𝒙 = 𝜹 𝒂 − 𝒃

Proof: 

Let’s assume 𝑥 − 𝑏 = 𝑦 then 𝑑𝑥 = 𝑑𝑦

න

−∞

∞

𝛿 𝑦 + 𝑏 − 𝑎 𝛿 𝑦 . 𝑑𝑥 = 𝛿 𝑏 − 𝑎 = 𝛿 𝑎 − 𝑏
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6.
𝒙𝜹′ 𝒙 = −𝜹(𝒙)

Proof: 

Let’s assume the integral ׬−∞
∞
𝑓 𝑥 . 𝑥

𝑑

𝑑𝑥
(𝛿 𝑥 𝑑𝑥

න

−∞

∞

𝑓 𝑥 . 𝑥
𝑑

𝑑𝑥
𝛿 𝑥 𝑑𝑥 = 𝑥𝑓 𝑥 𝛿 𝑥 −∞

∞ − න

−∞

∞
𝑑

𝑑𝑥
(𝑥𝑓 𝑥 𝛿 𝑥 𝑑𝑥

⇒ 0 − න

−∞

∞

𝑓 𝑥 𝛿 𝑥 𝑑𝑥 − න

−∞

∞

𝑥𝑓′ 𝑥 𝛿 𝑥 𝑑𝑥

⇒ 0 − න

−∞

∞

𝑓 𝑥 𝛿 𝑥 𝑑𝑥 − 0 = න

−∞

∞

𝑓 𝑥 𝛿 𝑥 𝑑𝑥
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6.
𝒙𝜹′ 𝒙 = −𝜹(𝒙)

Proof: 

Let’s assume the integral ׬−∞
∞
𝑓 𝑥 . 𝑥

𝑑

𝑑𝑥
(𝛿 𝑥 𝑑𝑥

න

−∞

∞

𝑓 𝑥 . 𝑥
𝑑

𝑑𝑥
𝛿 𝑥 𝑑𝑥 = 𝑥𝑓 𝑥 𝛿 𝑥 −∞

∞ − න

−∞

∞
𝑑

𝑑𝑥
(𝑥𝑓 𝑥 𝛿 𝑥 𝑑𝑥

⇒ 0 − න

−∞

∞

𝑓 𝑥 𝛿 𝑥 𝑑𝑥 − න

−∞

∞

𝑥𝑓′ 𝑥 𝛿 𝑥 𝑑𝑥

⇒ 0 − න

−∞

∞

𝑓 𝑥 𝛿 𝑥 𝑑𝑥 − 0 = න

−∞

∞

𝑓 𝑥 𝛿 𝑥 𝑑𝑥
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7.

𝜹(𝒇 𝒙 =෍

𝒊=𝟏

𝒏
𝜹 𝒙 − 𝒙𝒊
𝒇′ 𝒙𝒊

Proof: 

We know 𝜹 𝒂𝒙 =
𝟏

𝒂
𝜹 𝒙 if 

න

−∞

∞

𝛿 𝑎𝑥 𝑓 𝑥 𝑑𝑥 =
1

𝑎
𝑓 0 =

1

|𝑎|
න

−∞

∞

𝑓(𝑥)𝛿(𝑥)𝑑𝑥

The value of the function f(x) is evaluated at x = 0. So for 𝑓 𝑥 𝛿(𝑥 − 𝑥0) the function is evaluated at 𝑥 = 𝑥0. 

𝑥0 is the root of the function f(x). If f(x) has n number of roots and 𝑥𝑖 is the 𝑖𝑡ℎ root then we can write

𝛿 𝑘𝑥 =෍

𝑖=1

𝑛
𝛿 𝑥 − 𝑥𝑖

𝑎

So that 

𝛿(𝑓 𝑥 =෍

𝑖=1

𝑛
𝛿 𝑥 − 𝑥𝑖
𝑓′ 𝑥𝑖
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8.

𝜹 𝒙𝟐 − 𝒂𝟐 =
𝜹 𝒙 − 𝒂

𝟐𝒂
+
𝜹 𝒙 + 𝒂

𝟐𝒂

Proof: 

We know

𝛿(𝑓 𝑥 =෍

𝑖=1

𝑛
𝛿 𝑥 − 𝑥𝑖
𝑓′ 𝑥𝑖

Here 𝑓 𝑥 = 𝑥2 − 𝑎2 = x − a x + a and 𝑓′ 𝑥 = 2𝑥.

Roots of the function are ±𝑎.

So that

𝛿 𝑥2 − 𝑎2 =
𝛿 𝑥 − 𝑎

𝑓′(𝑎)
+
𝛿 𝑥 + 𝑎

𝑓′ −𝑎
=
𝛿 𝑥 − 𝑎

2𝑎
+
𝛿 𝑥 + 𝑎

2𝑎
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