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What i1s Dirac Delta Function ?

Let’s assume a rectangular (or box) function
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The area under the curve is equal to 1 (Area= width x height = ¢ X i =1)



What i1s Dirac Delta Function ?

If the width is decreased to %
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If o decreases, the function becomes narrower and taller. At the limit o — 0 the function becomes a
Dirac delta function.



What i1s Dirac Delta Function ?

The plot of the rectangular function for different values of o
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What i1s Dirac Delta Function ?

The value of the integration of the function in the region —% <x< % Is 1. Since the product of
width and height of the rectangular function is one. We can write
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ffa(x)dx =1= foofa(x)dx =1
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Since the function is zero outside the region —% <x<
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Asao — 0, f,(x) — oo, that is if the width of the rectangular function goes to zero, its height goes to
Infinity. The function becomes a tall narrow spike (impulse) which is called the Dirac delta function.

We can write
d(x) = lirr(l) fo(x)
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Definition of Dirac Delta Function

So the Dirac delta function can be defined as
o0, x=0

0(x) = {0 x %0
And

f5(x)dx =1

The Dirac delta function is defined at x = 0. For any other point x, Dirac delta function can be
defined as

0, X = Xy
0(x — Xo) = {O, X # X

And

f S(x —xg)dx =1



Properties of Dirac Delta Function

| F@80Gx - xo)dtx = £(x0)

where f(X) is any arbitrary function.
Proof: Let’s assume any function f(x) and the rectangular function f,;(x).
Now

o x0+% . , xo"‘%
jf(x)fa(X)dx= f fGo).—.dx == f f(x). dx
At g — 0, the integral o 2 2
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This is called shifting property of Dirac delta function which tells that the product of the Dirac delta function
with any function is to pick the value of the function at the point where the Dirac delta function is defined.



Properties of Dirac Delta Function

6(ax) = i6(3\:}, a+0
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Proof:
Let’s assume the integral ffooo f(x)6(ax)dx. Lety = ax,thendy = adx = dx = dy/a
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3. — 00 — 00
6(—x) = 6(x)

Proof:
Let’s assume the integral f_oooof(x)5(—x)dx. Let y = —x, thendy = —dx = dx = —dy
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Properties of Dirac Delta Function

4,
6(a—x)=6(x—a)

Proof:

Let’s assume the integral f_oooof(x)5(a —x)dx.Lety =a —x,thendy = —dx = dx = —dy

f FG)8(—x).dx = f(a) = j Fla—y).6().—dy = j fla—y)s@)dy = f(a) = j F()8(x — a)dx
5.

f 6(x—a)é(x —b)dx = 6(a—b)

Proof:

Let’s assume x — b = y then dx = dy

f 5( + b — a)5(y).dx = 6(b — a) = 5(a— b)



Properties of Dirac Delta Function

6.
x6'(x) = —8(x)

Proof:

Let’s assume the integral f > f (x) X~ 2 (6 (x)dx
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Properties of Dirac Delta Function

6.
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Properties of Dirac Delta Function

- o(x — x;)
U= 2T @

Proof:
We know é(ax) = rilé'(x) if

J S(ax)f(x)dx = —f(O) = f f(x)6(x)dx

The value of the function f(x) is evaluated at x = 0. So for f(x)6(x — x,) the function is evaluated at x = x,.
X 1S the root of the function f(x). If f(x) has n number of roots and x; is the it" root then we can write

5(’(3(,') _ z 5(X _ xl)
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So that .
5(x —x;)
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Properties of Dirac Delta Function

8.
6(x—a) o6(x+a)
O —a®) =T+ 12l
Proof:
We know ,
N0 —xy)
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Here f(x) = x> —a? = (x—a)(x + a) and f'(x) = 2x.
Roots of the function are +a.

So that
6(x —a) 5(x+a) _f(x—a) b6(x+a)
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